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HARMONIC MORPHISMS AND BICOMPLEX
MANIFOLDS
PAUL BAIRD AND JOHN C. WOOD*
Abstract. We use functions of a bicomplex variable to unify the ex-
isting constructions of harmonic morphisms from a 3-dimensional Eu-
clidean or pseudo-Euclidean space to a Riemannian or Lorentzian sur-
face. This is done by using the notion of complex-harmonic morphism
between complex-Riemannian manifolds and showing how these are given
by bicomplex-holomorphic functions when the codomain is one-bicomplex
dimensional. By taking real slices, we recover well-known compactifica-
tions for the three possible real cases. On the way, we discuss some
interesting conformal compactifications of complex-Riemannian mani-
folds by interpreting them as bicomplex manifolds.
1. Introduction
Harmonic morphisms are maps ϕ :M → N between Riemannian or semi-
Riemannian manifolds which preserve Laplace’s equation in the sense that,
if f : V → R is a harmonic function on an open subset of N with ϕ−1V
non-empty, then f ◦ ϕ is a harmonic function on ϕ−1V . In the Riemannian
case, they can be characterized as harmonic maps which are horizontally
weakly conformal (also called semiconformal), a condition dual to weak
conformality. The characterization can be extended to harmonic morphisms
between semi-Riemannian manifolds, with the additional feature that fibres
can be degenerate.
Harmonic morphisms into Riemannian or Lorentzian surfaces are par-
ticularly nice as they are conformally invariant in the sense that only the
conformal equivalence class of the metric on the codomain matters; equiva-
lently postcomposition of a harmonic morphism to a surface with a weakly
conformal map of surfaces is again a harmonic morphism. In particular,
harmonic morphisms from (open subsets of) Minkowski 3-space into C are
precisely the same as complex-valued null solutions of the wave equation.
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In [2], a twistorial Weierstrass-type representation was given which de-
termined all harmonic morphisms from (convex) domains of R3 to Riemann
surfaces in terms of a pair of holomorphic functions; this led to a Bernstein-
type theorem that the only globally defined harmonic morphism from R3
to a Riemann surface is orthogonal projection, up to isometries and post-
composition with weakly conformal maps.
In [6], a version of this was given for harmonic morphisms from Minkowski
3-space to Riemann surfaces, and also to Lorentz surfaces, i.e., surfaces with
a conformal equivalence class of metrics with signature (1, 1). In the first
case, the representation again involved holomorphic functions of a complex
variable; however, in the second case, those were replaced by hyperbolic-
holomorphic (‘H-holomorphic’) functions of a variable which was a hyper-
bolic (also called ‘paracomplex’) number x+ yj where x and y are real and
j2 = 1. This led to interesting examples of globally defined harmonic mor-
phisms other than orthogonal projection, and to harmonic morphisms all of
whose fibres are degenerate. In particular, it was shown that such degen-
erate harmonic morphisms correspond to real-valued null solutions of the
wave equation.
Complex-Riemannian manifolds were introduced by C. LeBrun [14] as
complex manifolds endowed with a symmetric complex bilinear form on
the holomorphic tangent space. The above constructions can be unified
by employing complex-harmonic morphisms between complex-Riemannian
manifolds. Complex-harmonic morphisms enjoy many of the properties of
harmonic morphisms between semi-Riemannian manifolds, and have already
been considered in [15], and by the authors in [5].
The bicomplex numbers are simultaneously a complexification of the com-
plex numbers and the hyperbolic numbers. There is a natural notion of
bicomplex-holomorphicity which extends both holomorphicity and H-holo-
morphicity and leads to the notion of a bicomplex manifold.
When the codomain of a complex-harmonic morphism has complex di-
mension 2, then we can consider it to be a one-dimensional bicomplex mani-
fold. Our twistor data is bicomplex-holomorphic and naturally lives on such
a manifold, leading to our description in §4 of complex-harmonic morphisms
from domains of C3 into a one-dimensional bicomplex manifold.
Once they have been given a ‘complex-orientation’, the possible directions
of non-degenerate fibres live in the complexification S2
C
of the 2-sphere; to
allow degenerate fibres, we need the conformal compactification of this. We
describe that in two ways: (i) the bicomplex quadric Q1
B
, (ii) the complex
quadric Q2
C
in CP 3; we show that these are the same as one-dimensional
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bicomplex manifolds. We obtain an interesting diagram of compactifications,
together with some double covers given by forgetting orientations, see §5.
Finally, we show that all formulae and compactifications reduce to the known
formulae and standard compactifications in the three real cases above.
One could extend this work to include harmonic morphisms from other
3-dimensional space forms, treated in the Riemannian case in [3], or to unify
constructions of harmonic morphisms from suitable four-dimensional man-
ifolds to surfaces, for example, Einstein anti-self-dual manifolds as in [23].
This was partially done in [5] for Euclidean spaces by complexifying just the
domain, showing that harmonic morphisms from 4-dimensional Euclidean
spaces to C are equivalent to shear-free ray congruences or to Hermitian
structures.
2. Bicomplex numbers and bicomplex manifolds
Bicomplex numbers have been invented and studied by many authors,
often under a different name; a key paper is that of C. Segre in 1892 [22].
The system of bicomplex numbers is the first non-trivial complex Clifford
algebra (and the only commutative one) and has recently been applied to
quantum mechanics, see [19, 20] and the references therein, and to the study
of Fatou and Julia sets in relation to 3-dimensional fractals [8] (see also the
WEB page [18] for a list of related articles). As will be seen below, bicomplex
numbers give a natural way of complexifying formulae which are already
complex, such as those which arise in twistor theory; we thus anticipate
that more applications to physics will be found.
In the sequel, we shall refer to [17] and the more modern treatment given
in [21]. The algebra of bicomplex numbers is the space
B = {x1 + x2i1 + x3i2 + x4j : x1, x2, x3, x4 ∈ R}.
As a real vector space, it is isomorphic to R4 via the map
(1) B ∋ x1 + x2i1 + x3i2 + x4j 7→ (x1, x2, x3, x4) ∈ R4,
from which it inherits its additive structure. Multiplication is defined by the
rules:
i1
2 = i2
2 = −1, i1i2 = i2i1 = j so that j2 = 1 .
Let C[i1] denote the field of complex numbers {x+ yi1 : x, y ∈ R}. We can
write any q ∈ B as
(2) q = q1 + q2i2 where q1, q2 ∈ C[i1] ;
comparing with (1) we have q1 = x1 + x2i1 and q2 = x3 + x4i1; the map
q → (q1, q2) gives a natural isomorphism between the vector spaces B and
4 PAUL BAIRD AND JOHN C. WOOD*
C
2. With the notation (2), multiplication takes the form
(q1 + q2i2)(w1 + w2i2) = q1w1 − q2w2 + (q1w2 + q2w1)i2 ;
thus B can be viewed as a natural extension of the complex number system
C[i2] = {x + yi2 : x, y ∈ R}, but now with x, y ∈ C[i1]; in other words,
B = C⊗R C. However, unlike the complex numbers, the algebra B has zero
divisors, namely the set of points {q1+ q2i2 ∈ B : q12+ q22 = 0} = {z(1± j) :
z ∈ C[i1]} . Following [21], we call the complex number CN(q) := q12 + q22
the complex (square) norm of q. Then a bicomplex number q = q1 + q2i2 is
a unit, i.e., has an inverse, if and only if CN(q) 6= 0; its inverse is then given
by q−1 = (q1 − q2i2)
/
CN(q) . The set of units forms a multiplicative group
which we denote by B∗ . Writing q
∗ = q1 − q2i2, we see that CN(q) = qq∗;
hence, if CN(q) 6= 0, then q−1 = q∗/CN(q). Note that q also inherits a real
norm from R4 given by |q| =√|q1|2 + |q2|2 =√x12 + x22 + x32 + x42 .
By the positive complex conformal group we mean the matrix group
(3) C+(2,C) = {A ∈ GL(2,C) : ATA = (detA)I} ;
this is the identity component of the complex conformal group {A ∈ GL(2,C) :
ATA = λI for some λ ∈ C}, noting that λ is necessarily ± detA. The map
q = q1 + q2i2 7→
(
q1 −q2
q2 q1
)
is an algebra-homomorphism from B to the 2 × 2
complex matrices with the group B∗ of units mapping onto C+(2,C), and
the bicomplex numbers of complex norm one mapping onto the complex
special orthogonal group SO(2,C) = {A ∈ GL(2,C) : detA = 1, ATA = I}.
We generalize these notions to bicomplex vectors q = (q1, . . . , qm) ∈ Bm.
Extend the standard complex-bilinear inner product 〈 , 〉C to a bicomplex-
bilinear inner product 〈 , 〉B on Bm; explicitly, for p = (p1, . . . , pm) ∈ Bm,
we have 〈p, q〉B =
∑m
k=1 pkqk. Then, for a bicomplex vector q = u + vi2
(u,v ∈ C[i1]m) we have four important quantities:
(i) the bicomplex number q2 := 〈q, q〉B =
∑m
k=1 qk
2. Note that q2 =
〈u+ vi2,u+ vi2〉B = 〈u,u〉C − 〈v,v〉C + 2〈u,v〉Ci2 ;
(ii) the bicomplex vector q∗ = (q1
∗, . . . , qm
∗);
(iii) the complex (square) norm CN(q) := qq∗ =
∑m
k=1CN(qk) ∈ C. We
have CN(q) = u2+v2 where we write u2 = 〈u,u〉C and v2 = 〈v,v〉C. Note
that CN(λq) = CN(λ)CN(q) for λ ∈ B;
(iv) the real norm |q| = √∑mk=1 |qk|2 = √|u|2 + |v|2, which we only use
for notions of convergence.
The complex numbers embed naturally in B via the inclusion:
(4) ιC : C →֒ B , ιC(x+ yi) = x+ yi2 (x, y ∈ R) ;
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the use of i2 rather than i1 is a convention which carries through to all our
formulae. However, the alternative embedding z = x+yi 7→ x+yi1 = z+0i2
appears in various places including Example 4.2.
Now let ϕ : U → B be a function defined on an open subset of B; write
(5) ψ(q1 + q2i2) = ψ1(q1, q2) + ψ2(q1, q2)i2 .
Here we take ψ1 and ψ2 to be holomorphic in (q1, q2) — this turns out to
be a necessary condition for the existence of the bicomplex derivative which
we now define. Specifically, let p ∈ U . Then the bicomplex derivative of the
function q 7→ ψ(q) at p is the limit
ψ′(p) :=
dψ
dq
(p) := lim
|h|→0,CN(h)6=0
ψ(p + h)− ψ(p)
h
,
whenever this exists. It is easy to see that the bicomplex derivative of
ψ = ψ1+ψ2i2 exists if and only if the pair (ψ1, ψ2) of holomorphic functions
satisfies the following bicomplex Cauchy-Riemann equations:
∂ψ1
∂q1
=
∂ψ2
∂q2
and
∂ψ1
∂q2
= −∂ψ2
∂q1
.
When this is the case, we shall say that ψ is bicomplex-differentiable or bi-
complex-holomorphic. Note that the bicomplex Cauchy-Riemann equations
are equivalent to the condition that the differential of ψ lie in C+(2,C).
On defining partial derivatives formally by
∂ψ
∂q
=
1
2
( ∂ψ
∂q1
− ∂ψ
∂q2
i2
)
,
∂ψ
∂q∗
=
1
2
( ∂ψ
∂q1
+
∂ψ
∂q2
i2
)
where ∂ψ/∂qk = ∂ψ1/∂qk + (∂ψ2/∂qk)i2 (k = 1, 2), the bicomplex Cauchy-
Riemann equations can be written as the single equation: ∂ψ/∂q∗ = 0.
Under the embedding (4), holomorphic maps extend to bicomplex-holo-
morphic maps as follows, the proof is by analytic continuation.
Lemma 2.1. Let f : U → C be holomorphic map from an open subset of
C. Then f can be extended to a bicomplex-holomorphic function ψ : U˜ → B
on an open subset U˜ of B with U˜ ∩ C = U ; the germ of the extension at U
is unique.
Conversely, the restriction of any bicomplex-holomorphic function U˜ → B
to U = U˜ ∩ C is holomorphic, provided that U is non-empty. 
Remark 2.2. Another way to understand bicomplex-holomorphic functions
is Ringleb’s Lemma [17, §9] as follows. Let a = 12(1 − j) and b = 12 (1 + j);
then a and b are zero divisors with a2 = a, b2 = b and ab = 0.
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Any bicomplex number q ∈ B can be written uniquely in the form q =
za+ wb with z, w ∈ C[i1] thus identifying B with C ⊕ C. Then ψ is bicom-
plex-holomorphic if and only if it is of the form ψ(q) = f1(z)a + f2(w)b for
some holomorphic functions f1 and f2.
With this formulation, a biholomorphic function ψ is an extension of a
holomorphic function f : U → C if and only if f1 = f2 = f .
By a bicomplex manifold we mean a complex manifold with a complex at-
las whose transition functions are bicomplex-holomorphic functions. Such a
complex manifold is necessarily of even dimension 2n; we call n the bicomplex
dimension. Then a map between bicomplex manifolds is called bicomplex-
holomorphic if it is bicomplex-holomorphic in all the charts. Note that, by
Ringleb’s lemma, a bicomplex manifold of bicomplex dimension n is locally
the product of complex manifolds of dimension n; however, the complex-
Riemannian metrics we introduce later are never product metrics, so this
observation is of limited use in our work.
Bicomplex manifolds can be obtained by complexifying complex mani-
folds; we give some examples that we shall use later.
Example 2.3. (Complex 2-sphere) The complex 2-sphere is the complex
surface
S2C = {(z1, z2, z3) ∈ C3 : z12 + z22 + z32 = 1};
this may be considered as a complexification of the usual 2-sphere S2. We
give some charts.
(i) Set H1 = {G ∈ B : CN(G) = −1}, and K1 = {(z1, z2, z3) ∈ S2C : z1 =
−1}, the ‘complexified’ south pole. We have a bijection σC : UG → B \ H1,
(z1, z2, z3) 7→ (z2 + z3i2)/(1 + z1) from UG = S2C \ K1, with inverse
(6) G = G1 +G2i2 7→
(
1− CN(G) , 2G1 , 2G2
)/(
1 + CN(G)
)
;
note that this is the complexification of standard stereographic projection on
S2 \ {(0, 0,−1)}. We call this the standard chart for the complex 2-sphere.
(ˇi) Similarly, stereographic projection from the north pole complexifies
to give a bijection σˇC : UGˇ → B \ H1 where UGˇ = S2C \ Kˇ1 with Kˇ1 =
{(z1, z2, z3) ∈ S2C : z1 = +1}; this has inverse
Gˇ 7→ (CN(Gˇ)− 1 , 2Gˇ1 , −2Gˇ2)/(CN(Gˇ) + 1).
These two charts cover S2
C
, i.e., UG ∪ UGˇ = S2C. Further, σC(UG ∩ UGˇ) =
σˇC(UG ∩ UGˇ) = B∗ \ H1 and the transition function σˇC ◦ σ−1C : B∗ \ H1 →
B∗ \ H1 is Gˇ = 1/G, so that the two charts give S2C the structure of a one-
dimensional bicomplex manifold.
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Many other bicomplex charts can be obtained by simple modifications of
these; for comparison with other spaces we shall need the following:
(ii) L = L1 + L2i2 7→ (−2L2, 1 − CN(L),−2L1)
/
(1 + CN(L)) defines a
chart which maps B \ H1 to S2
C
\ {(z1, z2, z3) ∈ S2C : z2 = −1};
(iii) K = K1 +K2i2 7→ (−2K1,−2K2, 1 − CN(K))
/
(1 + CN(K)) defines
a chart which maps B \ H1 to S2
C
\ {(z1, z2, z3) ∈ S2C : z3 = −1}.
The transition functions with the standard chart are
L = (G− 1)i2
/
(G+ 1) with inverse G = (1− Li2)
/
(1 + Li2),(7)
K = (G− i2)/(G + i2) with inverse G = (1 +K)i2/(1−K).(8)
Both of these maps are bicomplex-holomorphic functions on their domains
with bicomplex-holomorphic inverses; their domains and ranges are easily
calculated, for example, (7) is a bijection from
B \ H1 \ {G ∈ B : CN(1 +G) = 0} to B \ H1 \ {K ∈ B : CN(1−K) = 0}.
The next two examples are less obvious.
Example 2.4. (Bicomplex quadric) Let N be the ‘fattened origin’
N = {ξ ∈ B3 : CN(ξi) = 0 ∀i = 1, 2, 3}, and let
CQ1B = {ξ ∈ B3 \ N : ξ2 = 0} =
{
(ξ1, ξ2, ξ3) ∈ B3 \ N : ξ12 + ξ22 + ξ32 = 0
}
.
Define an equivalence relation on CQ1
B
by ξ ∼ ξ˜ if ξ˜ = λξ for some λ ∈ B;
note that λ is necessarily a unit, for otherwise ξ˜ would lie in N . We call
the set of equivalence classes the bicomplex quadric Q1
B
. We can give this
the structure of a one-dimensional bicomplex manifold by using the following
charts which cover Q1
B
.
(i) G 7→ [−2G, 1 −G2, (1 +G2)i2] maps B∗ onto the open set
UG = {[ξ] ∈ Q1B : CN(ξ1) 6= 0} and has inverse
(9) G = (ξ2 + ξ3i2)
/
ξ1 = −ξ1
/
(ξ2 − ξ3i2) .
Note that CN(ξ1) 6= 0 implies that CN(ξ2 − ξ3i2) 6= 0 and CN(ξ2 + ξ3i2) 6= 0
from the following fundamental identity valid for all ξ ∈ B3 with ξ2 = 0 :
CN(ξ1)
2 = CN(ξ2 − ξ3i2)CN(ξ2 + ξ3i2) ;
thus both fractions in (9) are well-defined; we see easily that CN(G) 6= 0.
We shall refer to this chart as the standard chart.
(ˇi) The chart Gˇ 7→ [−2Gˇ, Gˇ2− 1, (Gˇ2+1)i2] maps B∗ onto the same open
set UG. Note that the transition function with the standard chart is Gˇ = 1/G
on B∗, as before.
(ii) L 7→ [(1 + L2)i2, 2L, 1 − L2] maps B∗ onto the open set UL = {[ξ] ∈
Q1
B
: CN(ξ2) 6= 0} and has inverse L = −(ξ3 + ξ1i2)
/
ξ2 = ξ2
/
(ξ3 − ξ1i2) .
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(iii) K 7→ [1−K2, (1+K2)i2, 2K] maps B∗ onto the open set UK = {[ξ] ∈
Q1
B
: CN(ξ3) 6= 0} and has inverse K = −(ξ1 + ξ2i2)
/
ξ3 = ξ3
/
(ξ1 − ξ2i2) .
Clearly UG∪UL∪UK = Q1B. It can be checked that the transition functions
are given by (7) and (8) on suitable domains. Since these are bicomplex-
holomorphic, the three charts give the bicomplex quadric the structure of a
one-dimensional bicomplex manifold.
Let Q1
C
=
{
ξ = [ξ0, ξ1, ξ2] ∈ CP 2 : ξ02+ ξ12+ ξ22 = 0
} ∼= CP 1. With a and
b as in Remark 2.2, it can be checked that the map
(
[η], [ρ]
) 7→ [ηa+ ρb] is
well-defined and gives a complex diffeomorphism from Q1
C
×Q1
C
to Q1
B
; thus
as a complex manifold, Q1
B
is the product CP 1 × CP 1. Note also that Q1
B
has a dense open subset
(10) Q1B∗ = {[ξ] ∈ Q1B : CN(ξ) 6= 0} ;
this is a one-dimensional bicomplex manifold which is not globally a product
of complex curves.
Example 2.5. (Complex quadric) Let
Q2C =
{
[ζ0, ζ1, ζ2, ζ3] ∈ CP 3 : ζ02 = ζ12 + ζ22 + ζ32
}
;
the choice of signs is the most convenient for later comparison with real
cases, but is unimportant here. This is again a one-dimensional bicomplex
manifold. Indeed the following maps give charts which cover Q2
C
; in formulae
(i) and (ˇi), for convenience of notation, we identify the last two components
(ζ2, ζ3) of points of Q2C with the bicomplex number ζ2 + ζ3i2.
(i) G 7→ [1 + CN(G), 1 − CN(G), 2G] maps B onto the open set VG =
{[ζ] ∈ Q2
C
: ζ0 + ζ1 6= 0} and has inverse
G = (ζ2 + ζ3i2)
/
(ζ0 + ζ1) .
We shall refer to this as the standard chart for Q2
C
.
(ˇi) Gˇ 7→ [1 + CN(Gˇ),CN(Gˇ) − 1, 2Gˇ∗] maps B onto the open set VGˇ =
{[ζ] ∈ Q2
C
: ζ0 − ζ1 6= 0} and has inverse
Gˇ = (ζ2 − ζ3i2)
/
(ζ0 − ζ1) .
The transition function with the standard chart is again G = 1/Gˇ on B∗.
Both of these charts miss out the points [0, 0, 1,±i1] ∈ Q2C so we require
another chart. This can be either of the following.
(ii) L = L1 + L2i2 7→ [1 + CN(L),−2L2, 1−CN(L),−2L1] maps B to the
open set VL = {[ζ] ∈ Q2C : ζ0 + ζ2 6= 0} and has inverse
L = −(ζ3 + ζ1i2)
/
(ζ0 + ζ2).
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(iii) K = K1 +K2i2 7→ [1 + CN(K),−2K1,−2K2, 1−CN(K)] maps B to
the open set VK = {[ζ] ∈ Q2C : ζ0 + ζ3 6= 0} and has inverse
K = −(ζ1 + ζ2i2)
/
(ζ0 + ζ3).
Again it can be checked that the transition functions are given by (7) and
(8) on suitable domains.
Note that S2
C
embeds into Q2
C
via the mapping (z1, z2, z3) 7→ [1, z1, z2, z3];
this is clearly bicomplex-holomorphic.
We shall see later that the bicomplex quadricQ1
B
and the complex quadric
Q2
C
are, in fact, equivalent as bicomplex manifolds. However, S2
C
is not
compact, but has conformal compactification given by Q1
B
∼= Q2C .
3. Complex-harmonic morphisms
Let U be an open subset of Cm. Then we say that a holomorphic function
f : U → C is complex-harmonic if it satisfies the complex-Laplace equation:
∆Cf :=
m∑
k=1
∂2f
∂zi2
= 0 ,
where (z1, . . . , zm) are the standard coordinates on C
m.
More generally, let M be a complex manifold of some complex dimen-
sion m; denote its (1, 0)- (holomorphic) tangent space by T ′M ; thus T ′M
is spanned by {∂/∂zi : i = 1, . . . ,m} for any complex coordinates (zi).
Following C. LeBrun [14], a holomorphic section g of T ′M ⊗ T ′M which
is symmetric and non-degenerate is called a holomorphic metric; the pair
(M,g) is then called a complex-Riemannian manifold. The simplest example
is the complex manifold Cm endowed with its standard holomorphic metric
g = dz1
2 + · · · + dzm2; this can be thought of as the complexification of
R
m with its standard metric. More generally, if (MR, gR) is a real-analytic
Riemannian or semi-Riemannian manifold, then it has a germ-unique com-
plexification MC with holomorphic tangent bundle T
′MC = TMR ⊗R C;
extending the Riemannian metric by complex bilinearity to T ′MC gives a
holomorphic metric. For example, complexifying the 2-sphere S2 with its
standard Riemannian metric gives the complex-Riemannian manifold (S2
C
, g)
with g equal to the restriction of the standard holomorphic metric on C3.
A holomorphic function f :M → C from a complex-Riemannian manifold
is said to be complex-harmonic if it satisfies the complex-Laplace equation
∆M
C
f = 0 where the complex-Laplace operator ∆M
C
is defined by complexify-
ing the formulae for the real case, for example, in local complex coordinates
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(zi), defining the matrix (gij) by gij = g(∂/∂zi, ∂/∂zj) and letting (g
ij)
denote its inverse, we have
∆MC f = g
ij
(
∂2f
∂zi∂zj
− Γkij
∂f
∂zk
)
where Γkij =
1
2
gkm
{∂gjm
∂zi
+
∂gim
∂zj
− ∂gij
∂zm
}
.
Definition 3.1. Let (M,g) and (N,h) be complex-Riemannian manifolds.
A holomorphic mapping Φ : M → N is a complex-harmonic morphism if,
for every complex-harmonic function f : V → C defined on an open subset V
of N such that Φ−1(V ) is non-empty, the composition f ◦Φ : Φ−1(V )→ C
is complex-harmonic.
Clearly, many notions and results for harmonic morphisms between semi-
Riemannian manifolds complexify immediately to complex-harmonic mor-
phisms between complex-Riemannian manifolds. In particular, given a holo-
morphic map ϕ : (M,g) → (N,h) between complex-Riemannian manifolds,
its differential dϕp : T
′
pM → T ′ϕ(p)N at a point p ∈ M is a complex linear
map between holomorphic tangent spaces. We say that a holomorphic map
ϕ : (Mm, g) → (Nn, h) is complex-weakly conformal with (complex-) square
conformality factor Λ(p) if
(11) h(dϕp(X),dϕp(Y )) = Λ(p) g(X,Y ) (p ∈Mm, X, Y ∈ TpMm)
for some holomorphic function Λ :Mm → C. In local complex coordinates,
this reads
hαβ
∂ϕα
∂zi
∂ϕβ
∂zj
= Λ gij .
However, it is the following dual notion which is more important to us.
We call ϕ (complex-) horizontally (weakly) conformal (complex-HWC) with
(complex-)square dilation Λ(p) if
(12) g
(
dϕ∗p(U),dϕ
∗
p(V )
)
= Λ(p)h(U, V ) (p ∈Mm, U, V ∈ T ′ϕ(p)N)
for some holomorphic function Λ : Mm → C where dϕ∗p : T ′ϕ(p)N → T ′pM
denotes the adjoint of dϕp with respect to g and h. In local complex coor-
dinates this reads
gij
∂ϕα
∂zi
∂ϕβ
∂zj
= Λhαβ .
A subspaceW of T ′pM is called degenerate if there exists a non-zero vector
v ∈ W such that g(v,w) = 0 for all w ∈ W , and null if g(v,w) = 0 for all
v,w ∈ W . As in the semi-Riemannian case (see [4, Proposition 14.5.4]), a
complex-HWC map can have three types of points, as follows; we use ⊥c to
denote the orthogonal complement of a subspace in T ′M with respect to g.
Proposition 3.2. Let ϕ : (M,g)→ (N,h) be a complex-HWC map. Then,
for each p ∈M , precisely one of the following holds:
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(i) dϕp = 0. Then Λ(p) = 0;
(ii) Λ(p) 6= 0. Then ϕ is submersive at p and dϕp maps the complex-
horizontal space Hcp := (ker dϕp)⊥C conformally onto T ′ϕ(p)N with square
conformality factor Λ(p), i.e., h(dϕp(X),dϕp(Y )) = Λ(p) g(X,Y ) (X,Y ∈
Hp), we call p a regular point of ϕ;
(iii) Λ(p) = 0 but dϕp 6= 0. Then the vertical space Vcp := ker dϕp is
degenerate and Hcp ⊆ Vcp ; equivalently, Hp is null and non-zero. We say that
p is a degenerate point of ϕ, or that ϕ is degenerate at p. 
Other useful results are: (i) if M and N are complex surfaces, by which
we mean complex-Riemannian manifolds of complex dimension 2, a holo-
morphic map ϕ : M → N is a harmonic morphism if and only if it is
complex-HWC. As in the semi-Riemannian case, see [4, Remark 14.5.7], this
condition is not equivalent to complex-weakly conformal — behaviour at de-
generate points is different; (ii) the composition of a complex-harmonic mor-
phism to a complex surface with a complex-HWC map of complex surfaces is
another complex-harmonic morphism; (iii) the concept of complex-harmonic
morphism to a complex surface depends only on the conformal class of its
holomorphic metric.
We extend the fundamental characterization of harmonic morphisms be-
tween Riemannian or semi-Riemannian manifolds as horizontally weakly
conformal harmonic maps [10, 11, 12] to the case of interest to us. We use
the standard complex-bilinear inner product 〈 , 〉C on Cm and the com-
plex gradient grad Cf =
(
∂f
/
∂z1 , . . . , ∂f
/
∂zm
)
of a holomorphic function
f defined on a subset of Cm.
Proposition 3.3. (Fundamental characterization) Let (Mm, g) be a complex-
Riemannian manifold. A holomorphic map Φ :Mm → Cn is a complex-har-
monic morphism if and only if it is complex-harmonic and complex-HWC;
explicitly, on writing Φ = (Φ1, . . . ,Φn), we have
(13)
{
(a) ∆CΦα = 0 (α = 1, . . . , n) ,
(b) 〈grad CΦα, grad CΦβ〉C = δαβΛ (α, β = 1, . . . , n) ,
for some (holomorphic) function Λ :Mm → C.
Proof. Suppose that Φ is a complex-harmonic morphism. Given a point
p ∈ Cn and complex constants {Cα, Cαβ}α,β=1,...,n with Cαβ = Cβα and∑n
α=1 Cαα = 0, then, writing (w1, . . . , wn) for the standard complex coor-
dinates on Cm, there exists a complex-harmonic function f defined on a
neighbourhood of p with
∂f
∂wα
(p) = Cα and
∂2f
∂wα∂wβ
(p) = Cαβ (α, β = 1, . . . , n) ;
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we simply take f = Cαβwαwβ + Cαwα (summing over repeated indices).
Now, let p ∈Mm and let zi be local complex coordinates on a neighbour-
hood of p such that gij = δij at p. Then, by the composition law,
(14) ∆C(f ◦Φ) = ∂f
∂wα
∆CΦα + g
ij ∂
2f
∂wα∂wβ
∂Φα
∂zi
∂Φβ
∂zj
.
Judicious choice of the constants now gives the result, as follows. First, fix
γ ∈ {1, . . . , n} and choose Cα = δαγ and Cαβ = 0 for all α, β; then we
deduce that ∆CΦγ = 0, giving (13a). Now set Cα = 0 for all α and, for each
γ = 2, . . . , n in turn, choose Cαβ such that Cαβ = 0 for α 6= β, Cγγ = −C11,
and Cδδ = 0 for δ 6= 1, γ. Then equation (13b) follows. The converse follows
from the chain rule (14). 
4. Complex-harmonic morphisms and bicomplex manifolds
We now consider the case of maps into a complex surface where we can
utilize the conformal invariance of a complex-harmonic morphism as follows.
By a 2-dimensional conformal complex-Riemannian manifold, we mean a 2-
dimensional complex manifold with an open covering of complex charts on
each of which is defined a holomorphic metric, with any two conformally
related on the intersection of charts. By a complex-orientation on such a
manifold N , we mean a reduction of the structure group of T ′N to the
positive complex conformal group C+(2,C). We claim that a 2-dimensional
complex-oriented conformal complex-Riemannian manifold is the same as a
one-dimensional bicomplex manifold.
Indeed, let N be a one-dimensional bicomplex manifold. In any local
bicomplex coordinate q = z1 + z2i2, the tensor field dq dq
∗ = dz1
2 + dz2
2
defines a holomorphic metric on an open subset of the underlying complex
surface, which we continue to denote by N . Clearly, metrics on overlapping
charts are conformally related. In fact, the bicomplex Cauchy-Riemann
equations tell us that the structure group of T ′N is contained in C+(2,C) so
that N is a 2-dimensional complex-oriented conformal complex-Riemannian
manifold.
Conversely, given such a manifold N , locally we can adapt proofs for
the semi-Riemannian case such as [4, Proposition 14.1.18], to find complex-
oriented complex coordinates (z1, z2) which are isothermal in the sense that
the conformal class of holomorphic metrics is that containing dz1
2+dz2
2. The
transition functions for overlapping charts then have derivatives in C+(2,C)
and so satisfy the bicomplex Cauchy-Riemann equations, hence N has been
given the structure of a bicomplex manifold with local bicomplex coordinates
q = z1 + z2i2 .
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From now on we shall consider maps into one-dimensional bicomplex man-
ifolds. We deduce the following result from Proposition 3.3.
Corollary 4.1. Let Φ : M → N be a holomorphic map from a complex-
Riemannian manifold to a one-dimensional bicomplex manifold. Then Φ is
a complex-harmonic morphism if and only if, in any bicomplex chart on N ,
(a) ∆CΦ = 0 and (b) (grad CΦ)
2 = 0 .
Proof. In a bicomplex chart, write Φ = Φ1+Φ2i2. Clearly, (a) is equivalent
to (13a). The equivalence of (b) with (13b) follows from the identity
(grad CΦ)
2 = (grad CΦ1)
2 − (grad CΦ2)2 + 2i2〈grad CΦ1, grad CΦ2〉C .

Note that, if M is an open subset of Cm, these equations read
(15) (a)
m∑
k=1
∂2Φ
∂zk2
= 0 and (b)
m∑
k=1
(
∂Φ
∂zk
)2
= 0 .
Note also that a point is degenerate precisely when CN(grad CΦ) = 0 but
grad CΦ 6= 0.
Looking at the classification of points in Proposition 3.2 we see that any
complex-harmonic morphism Φ : Cm ⊃ U → C2 = B with differential of
(complex) rank at most one is degenerate at all points where its differential
is non-zero.
Example 4.2. Embed C in B as C[i1] by z 7→ z+0i2. Let U ⊂ Cm be open.
Then a smooth map Φ : U → C = C[i1] is a complex-harmonic morphism if
and only if it satisfies equations (15) with Φ complex-valued. Then (15b)
confirms that Φ is degenerate away from points where its differential is zero.
This sort of complex-harmonic morphism can be characterized as a map
which pulls back holomorphic functions to complex-harmonic ones; for the
case m = 4 see [5].
The following proposition gives a way of constructing complex-harmonic
morphisms Φ into a one-dimensional bicomplex manifold N implicitly; it
is a bicomplex version of [4, Theorem 9.2.1], but care is needed because of
the presence of zero divisors. Since the result is local, by taking a local
bicomplex coordinate, we may assume in the proof that N is an open subset
of the bicomplex numbers B; this remark applies to all the results in this
section.
Proposition 4.3. Let N be a one-dimensional bicomplex manifold and let
A be an open subset of Cm × N . Let Ψ : A → N , (z, q) 7→ Ψ(z, q) be
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a holomorphic function which is bicomplex-holomorphic in its second argu-
ment. Suppose that, for each fixed q, the mapping z 7→ Ψq(z) := Ψ(z, q) is
a complex-harmonic morphism, i.e., satisfies
(16) (a)
m∑
k=1
∂2Ψq
∂zk2
= 0 and (b)
m∑
k=1
(
∂Ψq
∂zk
)2
= 0
(
(z, q) ∈ A).
Let Φ : U → N , q = Φ(z) be a C2 solution to the equation Ψ(z,Φ(z)) =
const. on an open subset U of M , and suppose that the mapping z 7→
CN(grad CΨq)(z,Φ(z)) is not identically zero on U . Then Φ is a complex-
harmonic morphism.
Proof. Since z 7→ CN(grad CΨq)(z,Φ(z)) is holomorphic but not identically
zero, it is non-zero on a dense open subset U˜ of U . It suffices to show that
Φ satisfies equations (15) on that subset. From the chain rule, at any point
(z,Φ(z))
(
z ∈ U˜) we have
(17)
∂Ψ
∂q
∂Φ
∂zi
+
∂Ψ
∂zi
= 0 .
Now, at (z,Φ(z)) we have CN(grad CΨq) 6= 0, so that CN(∂Ψ/∂q) 6= 0;
hence ∂Ψ/∂q is not a zero divisor. Then, differentiation of Ψ = 0 with
respect to zi gives (∂Ψ/∂q)(∂Φ/∂zi) = 0 so that ∂Φ/∂zi = 0, showing that
Φ is holomorphic. Again, because ∂Ψ/∂q is not a zero divisor, (17) gives
equation (15b). On differentiating (17) once again with respect to zi, we
obtain
(18)
∂Ψ
∂q
∂2Φ
∂zi2
+
∂2Ψ
∂q2
(
∂Φ
∂zi
)2
+
∂2Ψ
∂zi∂q
∂Φ
∂zi
+
∂2Ψ
∂zi2
= 0 .
From (17) we have
∂Ψ
∂q
m∑
i=1
∂2Ψ
∂zi∂q
∂Φ
∂zi
= −
m∑
i=1
∂2Ψ
∂zi∂q
∂Ψ
∂zi
= −1
2
∂
∂q
m∑
i=1
(
∂Ψ
∂zi
)2
= 0 .
so that, on summing (18) over i = 1, . . . ,m and using twice that ∂Ψ/∂q is
not a zero divisor, we obtain equation (15a). 
This leads to a bicomplex version of [4, Corollary 1.2.4], with the new
feature of degeneracy, as follows. Write ξ = u + vi2 where u,v ∈ C[i1]3.
The original case is recovered when u,v ∈ R3, i.e., ξ has values in C3 =
C[i2]
3 ⊂ B3. Again, for simplicity, we may assume that N is an open subset
of B.
Corollary 4.4. Let N be a one-dimensional bicomplex manifold and let
ξ : N → B3, ξ = (ξ1, ξ2, ξ3), be a bicomplex-holomorphic map which is null,
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i.e., satisfies
(19) ξ2 = 0 ,
and suppose that CN(ξ) is not identically zero on N . Then any C2 solution
Φ : U → N , q = Φ(z), on an open subset of C3 = C[i1]3, to the equation
(20) 〈ξ(q),z〉B = 1
is a complex-harmonic morphism of (complex) rank at least one everywhere.
It is degenerate at the points of the fibres Φ−1(q) (q ∈ N) for which
CN
(
ξ(q)
)
= 0 .
Proof. Set
(21) Ψ(z, q) = 〈ξ(q) , z〉B (z ∈ C3, q ∈ N) .
Then gradΨq = ξ(q); this is non-zero at any point q = Φ(z) by (20). It
follows from Proposition 4.3 that Φ is a complex-harmonic morphism; from
(17) we see that dΦ 6= 0 at all points of U , so that dΦ has complex rank at
least one everywhere.
Let q ∈ N . On writing ξ = ξ(q) = u + vi2 where u,v ∈ C[i1]3, (20) is
equivalent to the pair of equations
(22) 〈u(q),z〉C = 1, 〈v(q),z〉C = 0.
Note that u and v span the complex horizontal space Hcq of Φ, and that
ξ2 = u2 − v2 + 2i2〈u,v〉C and CN(ξ) = u2 + v2.
Combining this with (19) we see that
(23) u2 = v2 =
1
2
CN(ξ) and 〈u,v〉C = 0.
Suppose that CN(ξ(q)) 6= 0. Then, ξ(q) 6= 0 so that the fibre Φ−1(q) given
by (20) is non-empty. From (23) we see that u and v are complex-orthogonal
with u2 = v2 6= 0; it follows that they are linearly independent and span a
non-degenerate plane. Hence the fibre (22) is a non-null complex line which
is complex orthogonal to that plane. By the classification in Proposition
3.2 (or from (17)), Φ is submersive at all points on the fibre, with complex
horizontal space spanned by u and v.
Suppose, instead, that CN(ξ(q)) = 0. Then from (19), u and v span
a null subspace of C3; since the maximal dimension of such a subspace is
one, they must be linearly dependent. Hence, from (22), the fibre Φ−1(q) is
non-empty if and only if u 6= 0 but v = 0, in which case it is the degenerate
complex plane < u(q),z >C= 1; from the classification in Proposition 3.2,
Φ must be degenerate at each point of this plane. 
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We shall now show that any submersive complex-harmonic morphism is
given locally by Corollary 4.4.
Lemma 4.5. Let Φ : U → N be a submersive complex-harmonic morphism
from an open subset of C3 to a one-dimensional bicomplex manifold. Then
the connected components of the fibres of Φ are open subsets of complex
lines in C3.
Proof. For convenience, write ∂i = ∂/∂zi
(
i = 1, 2, 3, (z1, z2, z3) ∈ U
)
.
Let p ∈ U . Then, since Φ is submersive, it is also non-degenerate, so we
have CN(grad CΦ)(p) 6= 0. Hence we can choose coordinates such that
∂1Φ(p) = 0. Then
(24) (∂2Φ+ i2∂3Φ)(∂2Φ− i2∂3Φ) = 0 at p .
Now, since CN(grad CΦ)(p) 6= 0, one of (∂2Φ± i2∂3Φ)(p) must have non-zero
complex norm. Indeed, this follows from the easy calculation at p:
CN(∂2Φ+ i2∂3Φ) + CN(∂2Φ− i2∂3Φ) = 2
{
CN(∂2Φ) + CN(∂3Φ)
}
= 2CN(grad CΦ) , since ∂1Φ = 0 .
Suppose that (∂2Φ − i2∂3Φ)(p) has non-zero complex norm; the other case
is similar. Then it is not a zero divisor, so from (24), (∂2Φ+ i2∂3Φ)(p) = 0.
On applying the differential operator ∂2− i2∂3 to equation (24) and eval-
uating at p, we obtain
(
∂2
2Φ(p) + ∂3
2Φ(p)
)(
∂2Φ(p)− i2∂3Φ(p)
)
= 0 , so that
∂2
2Φ(p) + ∂3
2Φ(p) = 0; then from equation (15a) we obtain ∂1
2Φ(p) = 0.
Next, since p is a regular point, we can parametrize the fibre near p by
a map w → z(w) = (z1(w), z2(w), z3(w)), where each zk(w) is holomorphic
in w, and z(0) = p, z′(0) = (1, 0, 0). Then, by differentiating the equation
Φ(z(w)) = const., we obtain∑3
i=1 ∂iΦ(z(w)) z
′
i(w) = 0 ∀w , and so∑3
i=1 ∂i∂jΦ(z(w)) z
′
i(w)z
′
j(w) +
∑3
i=1 ∂iΦ(z(w)) z
′′
i (w) = 0 ∀w .
Evaluating the last equation at w = 0 gives ∂2Φ(p) z
′′
2 (0) + ∂3Φ(p) z
′′
3 (0) = 0
which can be written as
(
∂2Φ(p) − i2∂3Φ(p)
)
(z′′2 (0) − i2z′′3 (0)) = 0. Since
CN(∂2Φ(p)− i2∂3Φ(p)) 6= 0, we deduce that z′′2 (0) = z′′3 (0) = 0. As the point
p was arbitrarily chosen, the lemma follows. 
To proceed, we make the following assumptions: (i) Φ : U → N is a
submersive complex-harmonic morphism from an open subset of C3 onto a
one-dimensional bicomplex manifold; (ii) each fibre component is connected;
(iii) no fibre lies on a complex line through the origin. Note that, if (i) holds,
after shifting the origin if necessary, then any point of U has a neighbourhood
on which the above conditions are satisfied.
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As before, for simplicity in the proof below, we take N to be an open
subset of B.
Proposition 4.6. Let Φ : U → N be a complex-harmonic morphism on
an open subset of C3 satisfying conditions (i)–(iii) above. Then there is a
unique bicomplex-holomorphic map ξ : N → B3 with ξ2 = 0 and CN(ξ) 6= 0
such that the fibre of Φ at q ∈ N is given by (20).
Proof. Let ℓ0 = ℓ0(q) be the complex line through the origin parallel to
Φ−1(q) and set Π = ℓ⊥C0 := {w ∈ C3 : 〈z,w〉C = 0 for all z ∈ ℓ0}. Since
Φ is submersive, ℓ0 is not null so that Π ∩ ℓ0 is a single point, c, say, with
c2 6= 0.
Recalling that gradΦ1 and gradΦ2 are complex-orthogonal with the same
non-zero complex norm, set
γ = gradΦ1 × gradΦ2/(gradΦ1)2 = i2 gradΦ× gradΦ∗/CN(Φ);
then γ is one of the two vectors of complex norm 1 parallel to ℓ0. Set
Jc = γ ×C c where ×C denotes the vector product in R3 extended to C3
by complex bilinearity. Next set ξ = ξ(q) = (c + i2Jc)
/
c2, so that ξ2 = 0.
Then the fibre is given by 〈ξ(q),z〉B = 1; since c2 6= 0, this is well-defined,
and CN(ξ) 6= 0.
It remains to prove that ξ : N → B3 is bicomplex-holomorphic. To do
this, we show that ∂ξ/∂q∗ = 0 in a way analogous to [4, Lemma 1.3.3].
Let q0 ∈ N and let z0 ∈ Φ−1(q0). In the following calculations, all
quantities are evaluated at z0 or q0. As in Lemma 4.5, we may suppose that
our coordinates are chosen such that, at z0,
(25) ∂1Φ = 0 , ∂2Φ+ i2∂3Φ = 0 and CN(∂2Φ− i2∂3Φ) 6= 0 .
Further, without loss of generality, we may choose the coordinates so that
z0 is the point (0, 0, 1). Then the fibre Φ−1(q0) through z
0 is a connected
open subset of the complex line parametrized by w 7→ z(w) = (w, 0, 1). On
applying the operator ∂2 + i2∂3 to equation (20) we obtain
(26)
〈 ∂ξ
∂q
(
∂2Φ+ i2∂3Φ
)
+
∂ξ
∂q∗
(
∂2Φ
∗ + i2∂3Φ
∗
)
, z(w)
〉
B
+ ξ2 + ξ3i2 = 0 .
Now CN(∂2Φ
∗ + i2∂3Φ
∗) = CN(∂2Φ − i2∂3Φ) 6= 0 at z0. By continuity and
connectedness of the fibres, (25) holds at all points of the fibre. Also, on the
fibre we have
(27) ξ1 = 0 and (ξ2 + ξ3i2)(ξ2 − ξ3i2) = 0 .
Now at z0, if we write gradΦ1 = (0, a, b), then gradΦ2 = ±(0,−b, a). With
the minus sign, this gives ∂2Φ + i2∂3Φ = 0 in contradiction to (25), hence
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gradΦ2 = +(0,−b, a) and we have γ = (0, a, b) × (0,−b, a)
/
(a2 + b2) =
(1, 0, 0). Since c = (0, 0, 1), this gives Jc = (0,−1, 0) and ξ(q0) = (0,−i2, 1),
so that ξ2−ξ3i2 is not a divisor of zero, and from (27) we see that ξ2+ξ3i2 = 0
on the fibre. Then (26) becomes
∂ξ1
∂q∗
w +
∂ξ3
∂q∗
= 0 .
Since this is valid for all w in a neighbourhood of 0, we conclude that
∂ξ1
∂q∗
=
∂ξ3
∂q∗
= 0 .
On the other hand, on differentiating ξ2 = 0 and evaluating at q0 we obtain
ξ2 (∂ξ2/∂q
∗) = 0. Now ξ2 = −i2 is not a zero divisor; so we conclude that
∂ξ1
∂q∗
=
∂ξ2
∂q∗
=
∂ξ3
∂q∗
= 0
at z0. Since z0 is an arbitrary point of N , this shows that ξ is bicomplex-
holomorphic. 
Remark 4.7. (i) We see that γ gives the direction of the fibres, oriented as
explained below, and c gives their displacement from the origin; we call γ
and c the Gauss map and fibre position map of Φ, respectively.
(ii)The process of picking one of the two possible values of γ may be ex-
plained as follows. Let Π be a non-degenerate complex 2-plane in C3 and
let u,v be a complex-orthogonal basis with u2 = v2 (6= 0). A (complex-)
orientation of Π is an equivalence class of such bases under the equivalence
relation that they are related by a member of C+(2,C) (see (3)). In particu-
lar, two complex-orthonormal bases have the same orientation if and only if
they are related by a member of SO(2,C). To any complex-oriented plane,
there is a canonical complex-normal of complex norm one, given by u×v/u2
for any oriented complex-orthogonal basis with u2 = v2; call it the oriented
complex-normal.
In the above proof, we are lifting the canonical complex-orientation of the
codomain to a complex-orientation of the complex-horizontal space, and then
γ is its oriented complex-normal.
We can find all triples ξ = (ξ1, ξ2, ξ3) of bicomplex-holomorphic functions
satisfying ξ2 = 0, i.e.,
∑
k ξk
2 = 0, as in the complex case. Indeed, provided
that ξ2−ξ3i2 is not a zero divisor, there are bicomplex-holomorphic functions
G and H with CN(H) 6= 0 such that
(28) (ξ1, ξ2, ξ3) =
1
2H
(−2G, 1−G2, (1 +G2)i2).
To see this, as for the Riemannian Weierstrass representation, it suffices to
take G = −ξ1
/
(ξ2 − ξ3i2) and H = 1
/
(ξ2 − ξ3i2) .
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The equation 〈ξ(q),z〉B = 1 then reads
(29) − 2Gz1 + (1−G2)z2 + (1 +G2)z3i2 = 2H ;
note that, in contrast to (28), this makes sense even when H = 0.
5. Interpretation and Compactification
Given bicomplex-holomorphic functions q 7→ G(q) and q 7→ H(q) defined
on an open subsetN of B, or more generally on a one-dimensional bicomplex
manifold, we can form the equation (29). By Corollary 4.4, C2 solutions
q = Φ(z) to this equation are complex-harmonic morphisms from open
subsets of C3 to N , and by Proposition 4.6, all such harmonic morphisms
which are submersive are given this way, locally. In general, the equation
(29) defines a congruence of lines and planes; indeed, for each q ∈ N , if
CN(G) 6= −1, (29) defines a complex line, whereas if CN(G) = −1, (29)
either has no solutions or defines a plane, see Proposition 5.4 below. We
shall call these lines and planes the fibres of the congruence (29) as they form
the fibres of any smooth harmonic morphism q = Φ(z) which satisfies that
equation. However, starting with arbitrary data G and H, the fibres of the
congruence (29) may intersect or have envelope points where they become
infinitesimally close. We shall consider the behaviour of this congruence
when the fibres are degenerate or have direction not represented by a finite
value of G. We consider first non-degenerate fibres.
Recall the standard chart of S2
C
given by complexified stereographic pro-
jection (6). Then, as in [2], it is easy to see that γ = σ−1
C
G is the Gauss
map giving the oriented direction of the fibre and c = (dσ−1
C
)G(H) is the
fibre position map, as defined in Remark 4.7.
Let CP 2 denote complex projective 2-space and let Z = {[z1, z2, z3] ∈
CP 2 : z1
2 + z2
2 + z3
2 = 0}; thus points of Z represent null one-dimensional
complex subspaces of C3. We have a 2:1 mapping S2
C
→ CP 2 \ Z given by
z 7→ [z]; the image of γ under this mapping is the complex line through the
origin which is parallel to the fibre, with its complex-orientation forgotten.
An alternative interpretation is as follows. Let
(30) CQ1B∗ = {ξ = (ξ1, ξ2, ξ3) ∈ B3 : ξ2 = 0, CN(ξ) 6= 0}.
For ξ ∈ CQ1
B∗, write ξ = u+vi2 with u,v ∈ C3. Then u2 = v2 = 12CN(ξ) 6=
0 and 〈u,v〉C = 0. Projectivizing CQ1B∗ gives the open dense subset Q1B∗ of
the bicomplex quadric given by (10). Let G2(C
3) be the Grassmannian of
2-dimensional complex subspaces in C3 and let D denote the set of points in
G2(C
3) which represent degenerate 2-dimensional subspaces. Note that the
condition CN(ξ) 6= 0 is equivalent to linear independence of the vectors u
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and v so that they span a complex 2-dimensional subspace; hence we have
a double covering Q1
B∗ → G2(C3) \D given by [ξ] = [u±vi2] 7→ span{u,v},
thus we can think of Q1
B∗ as the space of complex-oriented non-degenerate
2-dimensional subspaces of C3.
Now we have a map Q1
B∗ → S2C given by
(31) [ξ] = [u+ vi2] 7→ u× v/u2 = u× v/v2 = (ξ × ξ∗)i2
/
CN(ξ) .
This is well-defined and is an equivalence of bicomplex manifolds; see Re-
mark 5.3 for its inverse. Furthermore, it covers the biholomorphic map
G2(C
3) \ D → CP 2 \ Z given by sending a subspace span{u,v} to its or-
thogonal complement [u× v].
We have thus established the bottom left-hand square of the commutative
diagram below in which all spaces are two-dimensional conformal complex-
Riemannian manifolds and all maps between them are holomorphic. Fur-
ther, all three spaces in the middle row are one-dimensional bicomplex man-
ifolds and the top three vertical arrows are the standard charts of Examples
2.3–2.5. The maps in the first commutative diagram are as shown in the
second diagram where, for brevity, we write C = CN(G).
B \ H1 Id ✲ B \ H1 ⊂ inclusion ✲ B
Q1B∗
❄ ∼=
✲ S2C
❄
⊂
ιS2
C ✲ Q2C
❄
G2(C
3) \ D
2:1
❄ ∼=
✲ CP 2 \ Z
2:1
❄
⊂ ✲ CP 2
branched 2:1
❄
G = G1 +G2i2 ✲ G = G1 +G2i2 ✲ G = G1 +G2i2
[−2G, 1−G2, (1 +G2)i2]
❄
✲ (1− C, 2G1, 2G2)/(1 + C)
❄
✲ [1 + C, 1− C, 2G1, 2G2]
❄
= = =
ξ = u+ vi2 u× v/u2 [u2,u× v]
span(u,v)
❄
✲ [u× v]
❄
✲ [u× v]
❄
The Gauss map γ is a map from N to Q1
B∗ or, equivalently, S
2
C
. The fibre
position map c is a map from N to the tautological bundle CQ1
B∗ → Q1B∗,
see (30), or to the holomorphic tangent bundle of S2
C
, which covers γ.
In order to include degenerate fibres and directions corresponding to val-
ues of G ‘at infinity’, we compactify this picture as follows. There is a
natural bicomplex-holomorphic inclusion map ιS2
C
: S2
C
→֒ Q2
C
defined by
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(ζ1, ζ1, ζ3) 7→ [1, ζ1, ζ2, ζ3] (see Example 2.5). In the standard charts of
Examples 2.3 and 2.5, this is given by G 7→ [1 + G12 + G22, 1 − G12 −
G2
2, 2G1, 2G2].
The double cover S2
C
→ CP 2 \ Z extends to a map Q2
C
→ CP 2 given by
forgetting the first component. This is surjective, and is 2 : 1 away from Z
where it is branched.
Degenerate fibres appear if we allow CN(ξ) = 0, i.e., [ξ] ∈ Q1
B
\ Q1
B∗; in
the standard chart for Q1
B
, this corresponds to CN(G) = −1. Then u and v
become collinear null complex vectors, and the horizontal space, span{u,v},
collapses to a null complex line. Its complex-orthogonal complement is a
degenerate complex plane through the origin; the fibre is either empty or a
degenerate complex plane parallel to this (see Proposition 5.4 below). We get
no point in S2
C
but we do get points in Q2
C
, and thus in CP 2, as explained
by the following two lemmas. Recall the fattened origin N = {ξ ∈ B3 :
CN(ξi) = 0 ∀i}. The following explains our earlier use of N .
Lemma 5.1. Let ξ ∈ B3 \ N have ξ2 = 0. Then
(i) CN(ξ) = 0 if and only if
(ii) there exists ξC ∈ C[i1]3 \{0} with ξC2 = 0 such that ξ = λξC for some
λ ∈ B with CN(λ) 6= 0.
Further, if condition (ii) holds, the projective class [ξC] ∈ CP 2 of ξC is
unique.
Proof. If (ii) holds, then CN(ξi) = CN(λ) (ξC)i
2. Since ξC 6= 0, we have
CN(ξi) 6= 0 for some i, i.e., ξ 6∈ N . Also CN(ξ) = CN(λ) ξC2 = 0, so (i)
holds.
Conversely, if (i) holds, write ξ = u + vi2 with u,v ∈ C[i1] . Then since
both ξ2 = 0 and CN(ξ) = 0, we have u2 = v2 = 〈u,v〉C = 0. Then either
u 6= 0 and v = µu for some µ ∈ C, or v 6= 0 and u = νv for some ν ∈ C.
Without loss of generality, we may assume that we have the first case.
Then ξ = λu where λ = 1 + µi2 and we set ξC = u. Since ξ 6∈ N , we have
CN(λ) 6= 0, so (ii) holds.
For uniqueness of [ξC] ∈ CP 2, given two representations ξ = λξC = λ′ξC′,
then ξC
′ = (λ′)−1λ ξC and necessarily (λ
′)−1λ ∈ C \ {0}. 
We shall call ξC a complex representative of ξ, and [ξC] its complex pro-
jective representative.
Proposition 5.2. The bicomplex-holomorphic diffeomorphism Q1
B∗ → S2C
extends to a bicomplex-holomorphic diffeomorphism ϕ : Q1
B
→ Q2
C
given by
(32) ϕ([ξ]) =
{ [
CN(ξ), (ξ × ξ∗)i2
] (
CN(ξ) 6= 0),[
0, ξC
] (
CN(ξ) = 0
)
,
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where ξC is a complex representative of ξ.
Proof. Note that the first formula applies to points of Q1
B∗ and the second
to points of Q1
B
\ Q1
B∗.
First we show that the map ϕ is well-defined. If [η] = [ξ] then η = λξ
with CN(λ) 6= 0) so that CN(η) = CN(λ)CN(ξ) and η × η∗ = λλ∗ξ × ξ∗ =
CN(λ)ξ× ξ∗. Hence, if CN(ξ) 6= 0, then [CN(η), (η×η∗)i2] = [CN(ξ), (ξ×
ξ∗)i2]. On the other hand, if CN(ξ) = 0, then ϕ([ξ] = [0, ξC], which is
well-defined by uniqueness of [ξC].
Now, in the standard chart for Q1
B∗
, the map ϕ is given by
ϕ([ξ]) = [1 + CN(G), 1 − CN(G), 2G1, 2G2] ,
with similar expressions in the other charts for Q1
B∗
. This shows that ϕ is
smooth, in fact complex analytic; to see that it is bicomplex-holomorphic,
note that, in the standard chart for Q2
C
, it is just the identity map G 7→ G,
and similarly in the other charts.
In order to prove that ϕ is a diffeomorphism, we need to find a (two-sided)
smooth inverse ψ. Using the charts G, Gˇ, L and K for Q2
C
(Example 2.5),
we obtain
ψ([ζ]) =
[−2(ζ0 + ζ1)(ζ2 + ζ3i2), (ζ0 + ζ1)2 − (ζ2 + ζ3i2)2,(
(ζ0 + ζ1)
2 + (ζ2 + ζ3i2)
2
)
i2
]
([ζ] ∈ VG),
ψ([ζ]) =
[−2(ζ0 − ζ1)(ζ2 − ζ3i2),−(ζ0 − ζ1)2 + (ζ2 − ζ3i2)2,(
(ζ0 − ζ1)2 + (ζ2 − ζ3i2)2
)
i2
]
([ζ] ∈ VGˇ),
ψ([ζ]) =
[(
(ζ0 + ζ2)
2 + (ζ3 + ζ1i2)
2
)
i2,−2(ζ0 + ζ2)(ζ3 + ζ1i2),
(ζ0 + ζ2)
2 − (ζ3 + ζ1i2)2
]
([ζ] ∈ VL),
ψ([ζ]) =
[
(ζ0 + ζ3)
2 − (ζ1 + ζ2i2)2,
(
(ζ0 + ζ3)
2 + (ζ1 + ζ2i2)
2
)
i2,
− 2(ζ0 + ζ3)(ζ1 + ζ2i2)
]
([ζ] ∈ VK).
That on the intersections of charts, the above expressions for ψ coincide
is readily checked using the defining relation −ζ02 + ζ12 + ζ22 + ζ32 = 0 of
Q2
C
. The map ψ is clearly complex analytic and it can be checked that it
really is a two-sided inverse for ϕ, so is bicomplex-holomorphic; we omit the
calculations. 
Remark 5.3. (i) The restriction of ψ to S2
C
gives an inverse to the map
(31).
(ii) The map (32) restricts to a bijection from the set of null directions
Q1
B
\ Q1
B∗ to the points at infinity {[0, ζ1, ζ2, ζ3] ∈ Q2C} ∼= CP 1; thus S2C has
been conformally compactified by adding a CP 1, giving the compactification
Q1
B
, or equivalently Q2
C
.
HARMONIC MORPHISMS AND BICOMPLEX MANIFOLDS 23
(iii) The branched double cover Q2
C
→ CP 2 is one-to-one on the points at
infinity of Q2
C
, and maps [0, ζ1, ζ2, ζ3] to the point [ζ1, ζ2, ζ3] of Z.
(iv) In the standard chart for Q1
B
and Q2
C
, the direction [ξ] is null when
CN(G) = −1; then ϕ([ξ]) is the point at infinity [0, 1, G1, G2] ∈ Q2C. The
double cover Q2
C
→ CP 2 maps this to [1, G1, G2] ∈ Z.
Now note that the double cover Q1
B∗ → G2(C3) \ D, [ξ] = [u + vi2] 7→
span{u,v}, extends to a double cover Q1
B
→ G2(C3) given on Q1B \ Q1B∗ by
[ξ] 7→ [ξC]⊥C , where [ξC] is the complex projective representative of [ξ] as
defined in Lemma 5.1. That this is holomorphic is easily checked.
We thus obtain the following commutative diagram which extends the
previous commutative diagram above to include degenerate directions; all
maps are bicomplex-holomorphic.
B
Id
✲ B
Q1B
❄ ∼=
✲ Q2C
❄
G2(C
3)
branched double cover
❄ ⊥C
✲ CP 2
branched double cover
❄
Finally, the behaviour of H at a degenerate fibre is described by the
following result.
Proposition 5.4. (i) Suppose that CN(G) 6= −1. Then the equation (29)
represents a non-null line.
(ii) Suppose that CN(G) = −1. Then the equation (29) has solutions if
and only if H is a complex multiple of G, in which case it represents a
degenerate plane.
Proof. Writing G = G1 +G2i2, H = H1 +H2i2, the equation (29) is equiv-
alent to the pair of complex equations{
−2G1z1 + (1−G12 +G22)z2 − 2G1G2z3 = 2H1 ,
−2G2z1 − 2G1G2z2 + (1 +G12 −G22)z3 = 2H2 .
This defines a line unless the left-hand side coefficients of the two equations
are proportional, which happens precisely when CN(G) = −1. In that case,
the pair becomes
G1(z1 +G1z2 +G2z3) = −H1 , G2(z1 +G1z2 +G2z3) = −H2 ;
this has a solution if and only if H is a complex multiple of G, in which case
it reduces to one equation and so defines a plane. This plane is easily seen
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to be degenerate, indeed the vector [1, G1, G2] is both complex-normal and
parallel to it. 
Remark 5.5. On using the formula c = (dσ−1
C
)G(H), we can easily show
that, as we approach a degenerate fibre, the fibre position map c becomes
collinear with γ and has complex norm which grows as 1/CN(ξ).
Example 5.6. (Complex orthogonal projection)
Put G = 0, H = (1/2)q. Then equation (29) becomes
z2 + z3i2 = q
which has solution q = ϕ(z) = z2 + z3i2. This is simply an orthogonal
projection C3 → C2.
Example 5.7. (Complex radial projection) Put G = q, H = 0, then (29)
becomes the quadratic equation
(33) (z2 − z3i2)q2 + 2z1q − (z2 + z3i2) = 0 .
Let U be an open set in C3 \{z2 = z3 = 0}\{z12+z22+z32 = 0} on which
there is a smooth branch of
√
z12 + z22 + z32 , then (33) has four solutions
q(z) with z ∈ U :
(34) q =
(−z1 + ε√z12 + z22 + z32 )/(z2 − z3i2) (ε = ±1,±j) .
When ε = ±1, q = σC
(±z/√z12 + z22 + z32 ), i.e., it is the complexifi-
cation of ± radial projection R3 \ {0} → S2 composed with stereographic
projection (see [4, Example 1.5.2]).
When ε = ±j, we have qq∗ = −1, so that (34) defines an everywhere-
degenerate harmonic morphism with fibres the complex 2-planes tangent to
the light cone z1
2 + z2
2 + z3
2 = 0.
For comparison with the semi-Riemannian cases below, note that G = qi1,
H = 0 gives the same map up to the isometry q 7→ qi1.
Example 5.8. (Complex disc example) Put G(q) = q and H(q) = t q i2
where t ∈ C[i1] is a complex number. Then (29) becomes the quadratic
equation (33) with z1 replaced by z1 + ti2. This again has four solutions
z 7→ q(z) on suitable domains.
Again, note that G = qi1, H = tqi1i2 = tjz gives the same map up to the
isometry q 7→ qi1.
Remark 5.9. There are many complex-harmonic morphisms from open
subsets of C3 to C2 = B which are not obtained by extending a real harmonic
morphism. Indeed, as in Remark 2.2, write q = za + wb and take G(q) =
g1(z)a + g2(w)b and H = h1(z)a + h2(w)b. Then if Φ is the extension of a
harmonic morphism on a domain of R3, we must have g1 = g2 and h1 = h2.
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6. Real harmonic morphisms
Harmonic morphisms from open subsets of R3 to R2 were discussed in [2]
and [4, Chapter 1]; they are recovered from our theory by setting zi real,
taking Φ with values in C, and embedding C in B as C[i2], as in (4). The
equations (15) reduce to the harmonic morphism equations for maps from
(an open subset of) R3 to R2 = C and with G = g ∈ C = R2 andH = h, (29)
reduces to the Weierstrass representation in [2] and [4, (1.3.18)]. Examples
5.6, 5.7 with ε = ±1 and 5.8 reduce to the standard examples in [4, Section
1.5].
However, with ε = ±j, the degenerate complex-harmonic morphism of
Example 5.7 does not restrict to any harmonic morphism from an open
subset of R3; indeed, all harmonic morphisms from Riemannian manifolds
are non-degenerate everywhere.
We also have [2] a Bernstein-type theorem that orthogonal projection
R
3 → R2 is the only globally defined harmonic morphism from R3 to a Rie-
mann surface, up to isometries and postcomposition with weakly conformal
maps.
The directions of fibres are parametrized by S2. The inclusion map S2
C
→֒
Q2
C
restricts to a conformal diffeomorphism of S2 onto the real points Q2
R
of
Q2
C
, and the standard chart B→ S2
C
→֒ Q2
C
(Example 2.5(i)) restricts to the
standard chart C→ S2 ∼=→ Q2
R
, exhibiting the conformal compactification of
C as S2 or, equivalently, Q2
R
.
Next, letMm = Rm1 beMinkowski space, i.e., R
m endowed with the metric
of signature (1,m− 1) given in standard coordinates (x1, x2, . . . , xm) ∈ Rm
by g = −dx12 + dx22 + . . . dxm2 . Let ϕ : Mm → R or C be a smooth map.
Consider the following equations
(35)

(a) − ∂
2ϕ
∂x12
+
m∑
i=2
∂2ϕ
∂xi2
= 0 ,
(b) −
(
∂ϕ
∂x1
)2
+
m∑
i=2
(
∂ϕ
∂xi
)2
= 0 ,
for (x1, . . . , xm) ∈ U . Then ϕ is harmonic if and only if it satisfies the wave
equation (35a). It is horizontally weakly conformal if and only if it is null
in the sense that it satisfies (35b). Hence, ϕ is a harmonic morphism if and
only if it satisfies both equations (35), i.e., it is a null solution of the wave
equation.
To fit these into our theory, embed C in B as C[i2], and embed R
3
1 in
C
3 = C[i1]
3 ⊂ B3 by (x1, x2, x3) 7→ (x1, x2i1, x3i1). Then the equations
(15) for a complex-harmonic morphism reduce to the harmonic morphism
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equations (35). On setting G = gi1 and H = hi1 we obtain the Weierstrass
representation obtained in [6, §2].
The possible directions of (non-degenerate) fibres are parametrized by the
hyperbola H2 = {(x1, x2, x3) ∈ R31 : −x12+x22+x33 = −1}. The embedding
(x1, x2, x3) 7→ (x1, x2i1, x3i1) maps H2 into S2C, and thus into Q2C with image
lying in the quadric
{
[η0, η1, η2, η3] ∈ RP 3 : η02 = η12 − η22 − η32
} ∼= S2; this
quadric is thus a conformal compactification of H2.
As regards Example 5.7 (complex radial projection) with G = qi1 and
H = 0, the solutions with ε = ±1 restrict to radial projection from the
interior of the light cone of M3 to the hyperbola H2. On writing j as i1i2
and putting the i1 under the square root, we see that the solutions with
ε = ±j restrict to a degenerate harmonic morphism on the exterior of the
light cone with fibres the tangent planes to the light cone, see [6, Example
2.10] for more details on these harmonic morphisms.
The complex disc example (Example 5.8) restricts to a globally defined
surjective submersive harmonic morphism from Minkowski 3-space M3 = R31
to the unit disc; thus there is a globally defined harmonic morphism other
than orthogonal projection, in contrast to Bernstein-type theorem for the
Euclidean case mentioned above.
7. Harmonic morphisms to a Lorentz surface
To discuss harmonic morphisms to a Lorentz surface, we shall use the
hyperbolic numbers. Let D = {(x1, x2) ∈ R2} equipped with the usual
coordinate-wise addition, but with multiplication given by
(x1, x2) (y1, y2) = (x1y1 + x2y2 , x1y2 + x2y1) .
The commutative algebra D is called the hyperbolic (or double or paracom-
plex ) numbers. Write j = (0, 1); then we have (x1, x2) = x1+x2j with j
2 = 1.
Note that D has zero divisors, namely the numbers a(1±j) (a ∈ R). By anal-
ogy with the complex numbers, we say that a C2 map ϕ : U → D, w = ϕ(z),
from an open subset of D is H-holomorphic (resp., H-antiholomorphic) if,
on setting z = x1 + x2j and z = x1 − x2j , we have
∂w
∂z
= 0
(
resp.,
∂w
∂z
= 0
)
;
equivalently, on setting w = u1 + u2j , the map ϕ satisfies the H-Cauchy-
Riemann equations:
∂u1
∂x1
=
∂u2
∂x2
and
∂u1
∂x2
= −∂u2
∂x1
(
resp.,
∂u1
∂x1
=
∂u2
∂x2
and
∂u1
∂x2
= −∂u1
∂x2
)
.
By a Lorentz surface, we mean a smooth surface equipped with a confor-
mal equivalence class of Lorentzian metrics — here two metrics g, g′ on N2
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are said to be conformally equivalent if g′ = µg for some (smooth) function
µ : N2 → R \ {0}. Any Lorentz surface is locally conformally equivalent to
2-dimensional Minkowski space M2, see, for example, [4]. Let ϕ : U → N21
be a C2 mapping from an open subset U of R31 to a Lorentz surface. For
local considerations, we can assume that ϕ has values in M2. Then, on iden-
tifying M2 with the space D of hyperbolic numbers as above, and writing
ϕ = ϕ1 + ϕ2j , the map ϕ is a harmonic morphism if and only if it satisfies
equations (35) with m = 3, where now ϕ has values in D.
Now the hyperbolic numbers D can be embedded in B by
(36) ιD : D →֒ B , ιD(x+ yj) = x+ (yi1)i2 = x+ yj (x, y ∈ R) ;
this preserves all the arithmetic operations; in fact we can think of B as the
complexification D⊗RC of D, as well as the complexification of C. Further,
we have a version of Lemma 2.1, as follows.
Lemma 7.1. Let f : U → C be real-analytic H-holomorphic map from
an open subset of D. Then f can be extended to a bicomplex-holomorphic
function ψ : U˜ → B on an open subset U˜ of B containing U ; the germ of
the extension at U is unique.
Conversely, the restriction of any bicomplex-holomorphic function U˜ → B
to U = U˜ ∩ D is real analytic and H-holomorphic, provided that U is non-
empty.
Proof. Write points of U ⊆ D in the form x+ yj ; then the map ιD(x+ yj) =
q1 + q2i2 given by q1 = x and q2 = yi1 identifies U with a subset of B which
we continue to denote by U . Write f : U → D in the form f(x + yj) =
u1(x, y) + u2(x, y)j . Extend the functions ui(x, y) by analytic continuation
to holomorphic functions ui(q1, q2) (i = 1, 2) on an open subset U˜ ⊃ U of
C
2 ∼= B and define ψ : U˜ → B by ψ(q1 + q2i2) = ψ1(q1, q2) + ψ2(q1, q2)i2
where ψ1 = u1 and ψ2 = u2i1. For each i = 1, 2, write qi = xi + yii1; then
since ψi is complex analytic, on U we have
∂ψ1
∂q1
=
∂ψ1
∂x1
=
∂u1
∂x
and
∂ψ2
∂q2
= −∂ψ2
∂y2
i1 = − ∂
∂y
i1(u2i1) =
∂u2
∂y
.
Hence, on U ,
∂u1
∂x
=
∂u2
∂y
if and only if
∂ψ1
∂q1
=
∂ψ2
∂q2
.
Similarly,
∂u1
∂y
=
∂u2
∂x
if and only if
∂ψ1
∂q2
= −∂ψ2
∂q1
.
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Now, if the right-hand equations hold on U then, by analytic continuation,
they hold on U˜ proving the first part of the lemma; the converse is similar.

To recover the formulae of [6, §3] for harmonic morphisms from M3 = R31
to M2 = D, embed R31 in C
3 = C3[i1] ⊂ B3 by (x1, x2, x3) 7→ (x3, x1i1,−x2)
— this is a different embedding to that used in in §6. Nondegenerate fibres
are now spacelike lines whose directions are parametrized by the pseudo-
sphere S21 = {(x1, x2, x3) ∈ R31 : −x12 + x22 + x33 = 1. This is mapped into
S2
C
, and thus into Q2
C
, with image in the quadric
{
[ζ0, ζ1, ζ2, ζ3] ∈ RP 3 :
ζ0
2 = ζ2
2 + ζ3
2 − ζ12
} ∼= S1 × S1. This quadric is the standard conformal
compactification of S21 and of M
2, see [4, Example 14.1.2] for more details.
Then set G = gi1 and H = hi1.
As regards Example 5.7 (complex radial projection) with G = qi1, the
solutions with ε = ±1 restrict to radial projection from the exterior of the
light cone of M3 to the pseudosphere S21 . The solutions with ε = ±j restrict
to a degenerate harmonic morphism, again defined on the exterior of the
light cone, with fibres the tangent planes to the light cone; see [6, Example
3.5] for more details on these harmonic morphisms.
On setting t = i1, the complex disc example (Example 5.8) restricts to a
harmonic morphism from an open subset of M3, see [6, Example 3.6] for a
description.
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